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Abstract. This paper is devoted to tiie study of noncommutative weak 
Orlicz spaces and martingale inequalities. Marcinkiewicz interpolation 
theorem is extended to include noncommutative weak Orlicz spaces as 
interpolation classes. In particular, we prove the weak type $-moment 
Burkholder- Gundy inequality for noncommutative martingales through 
establishing a weak type $-moment noncommutative Khintchine's in- 
equality for Rademacher's random variables. 



1. Introduction 

Recently, the first two named authors proved an <I>-moment Burkholder- 
Gundy inequahty for noncommutative martingales in [5], i.e., the noncom- 
mutative analogue of the following inequality [7]: Let $ be an Orlicz function 
with 1 < p$ < g$ < oo. If / = {fn)n>i is a L$-bounded martingale, then 

(1.1) / <^[(^^\dfn\^y]dP^Snp / mn\)dP, 

where df = {dfn)n>i is the martingale difference of / and " ^ " depends only 
on <I>. Notice that (1.1) is the well-known Burkholder-Gundy inequality for 
convex powers $(t) = (see [8]). In their remarkable paper [24], Pisier and 
Xu proved the noncommutative analogue of the Burkholder-Gundy inequal- 
ity, which triggered a systematic research of noncommutative martingale in- 
equalities. We refer to a recent book by Xu [27] for an up-to-date exposition 
of theory of noncommutative martingales. Evidently, the noncommutative 
^-moment Burkholder-Gundy inequality implies those for L$ norms, which 
were already known as particular cases of more general ones established by 
the first named author in [4]. 

In this paper, we continue this line of investigation. We will introduce 
noncommutative weak Orlicz spaces and prove the associated martingale 
inequalities. In particular, we will prove that noncommutative weak Orlicz 
spaces can be renormed as Banach spaces under a mild condition of 
and a weak type version of the ^-moment inequalities for noncommutative 
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martingles obtained recently by the first two named authors [5] . To the best 
of our knowledge, this kind of weak type ^-moment inequalities is new even 
in the commutative setting. 

In [15], the authors prove the Burkholder-Gundy inequality for weak Or- 
licz spaces, using the arguments of stopping times and good-A inequalities 
developed by Burkholder et al [6]. However, the concepts of stopping times 
and good-A inequalities are, up to now, not well defined in the generic non- 
commutative setting (there are some works on this topic, see [3] and ref- 
erences therein). Instead, interpolation and noncommutative Khinchine in- 
equalities play crucial roles in the proof of the noncommutative Burkholder- 
Gundy inequality mentioned above. Then, in order to prove the weak type 
^-moment Burkholder-Gundy inequality in the noncommutative setting, we 
need to prove the associated Khinchine type inequality. There arc exten- 
sive works on various generalizations of the noncommutative Khinchine in- 
equality in Lp-setting [16, 18], for instance, see [23] and references therein. 
Unfortunately, our weak type ^-moment Khinchine inequality can not be 
obtained directly from ones established previously. By adapting natural and 
classical techniques in [16, 18, 19, 22], we obtain the required one. This is 
the key point of this paper. 

The remainder of this paper is organized as follows. In Section 2 we 
present some preliminaries and notation on the noncommutative weak Lp 
and Orlicz spaces. Noncommutative weak Orlicz spaces are presented in 
Section 3. In Section 4 we establish a Marcinkiewicz-type interpolation the- 
orem for noncommutative weak Orlicz spaces and prove that noncommuta- 
tive weak Orlicz spaces can be renormed as Banach spaces when $ satisfies a 
mild condition. Finally, in Section 5, we will prove the weak type ^-moment 
Burkholder-Gundy inequality for noncommutative martingales through es- 
tablishing a weak type <I>-moment Khintchine's inequality for Radcmacher's 
random variables. The style of proof follows mainly the arguments in [5]. 

In what follows, C always denotes a constant, which may be different in 
different places. For two nonnegative (possibly infinite) quantities X and Y, 
hy X <Y we mean that there exists a constant C > such that X < CY, 
and by X « y that X < y and Y < X. 



2. Preliminaries 

2.1. Noncommutative weak Lp spaces. We use standard notation and 

notions from theory of noncommutative Lp-spaces. Our main references 
are [25] and [27] (see also [25] for more historical references). Let be a 
semifinite von Neumann algebra acting on a Hilbert space H with a normal 
semifinite faithful trace r. For < p < oo let Lp{Ai) denote the noncom- 
mutative Lp space with respect to (A^,r). As usual, we set Loo{A4,t) = A4 
equipped with the operator norm. Also, let Lo(A^) denote the topological 
*-algebra of measurable operators with respect to (7W,r). 
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For X G Lq{M) we define 

Xs{x) = r(e^(|x|)) (s > 0) and ^t(x) = inf{.s > : Xs{x) <t} {t> 0), 

where e^(|a;|) = e(^g^^-^{\x\) is the spectral projection of |x| associated with 
the interval (s, oo). The function s Xs{x) is called the distribution function 
of X and Utix) the generalized singular number of x. We will denote simply 
by X{x) and /Lt(x) the two functions s h-^ Xs{x) and t i-^ fJ^tix), respectively. 
It is easy to check that both functions X{x) and are decreasing and 
continuous from the right on (0, oo). For further information we refer the 
reader to [10]. 

For < p < oo, we have the following Kolmogorov inequality 

(2.1) A,(x)<^, Vs>0, 

for any x G Lp{M). If x,y in Lo{M), then 

(2.2) A2. {x + y)< Xs/2 {x) + A,/2 (y) , Vs > 0. 

We will frequently use these two inequalities in the sequel. 

For < p < oo, the noncommutative weak Lp space L^iyM) is defined as 
the space of all measurable operator x such that 

\\x\\l^ := swptp iit(x) < oo. 

" t>0 

Equipped with Lp{M) is a quasi-Banach space. However, for p > 1 

Lp{M.) can be renormed as a Banach space by 

XH-^supt p / iis{x)ds. 

t>o Jo 

On the other hand, the quasi-norm admits the following useful description 

(2.3) \\x\\l^ = inf {c> : t{pt{x)/cf < 1, Vt > O}. 

Also, we have a description in terms of distribution function as following 

(2.4) \\x\\l^ = su])sXs{x)p . 

Recall that noncommutative weak Lp spaces can be presented through 
noncommutative Lorenz spaces, for details see Dodds et al [9] and Xu [26]. 

2.2. Noncommutative Orlicz spaces. Recall that noncommutative Or- 
licz spaces were respectively defined by Kunze [13] in an algebraic way (see 
also [2] for more general cases) and by Dodds et al [9] and by Xu [26] em- 
ploying Banach space theory. The second approach based on the concept of 
Banach function spaces, among other properties, readily indicates similari- 
ties with the classical origins. We will take the second approach. 

Let $ be an Orlicz function on [0,oo), i.e., a continuous increasing and 
convex function satisfying <&(0) = and liuit^oo^it) = oo. Recall that 
$ is said to satisfy the A2-condition if there is a constant C such that 
$(2t) < C$(i) for all t > 0. In this case, we denote by $ G A2. It is easy to 
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check that ^ € A2 if and only if for any a > there is a constant Cq > 
such that $(at) < Ca^{t) for all t > 0. 

We will work with some standard indices associated to an Orlicz function. 
Given an Orlicz function Since $ is convex, is defined for each t > 
except for a countable set of points in which we take ^'{t) as the derivative 
from the right. Then, we define 

a* = mr ^ , , and 0$ = sup ^ , , . 

(1) 1 < a$ < 6$ < 00. 

(2) The following characterizations of a$ and 6$ hold: 

a$ = sup |p>0: t-P^t) is non-decreasing for alH > o|; 

6$ = inf |g > : is non-increasing for all t > o|. 

(3) $ G A2 if and only if 6$ < cx). 

See [20, 21] for more information on Orlicz functions and Orlicz spaces. 

For an Orlicz function $, the noncommutative Orlicz space is 
defined as the space of all measurable operators x with respect to {M , r) 
such that 

r($(M))<oo 

for some c > 0. The space L^{M), equipped with the norm 

||x||$ = inf (o : r($(|x|/c)) < l}, 

is a Banach space. If = with 1 < p < 00 then L^{M) = Lp{M). 
Noncommutative Orlicz spaces are symmetric spaces of measurable opera- 
tors as defined in [9, 26]. 

3. Noncommutative weak Orlicz spaces 

In the sequel, unless otherwise specified, we always denote by $ an Orlicz 
function. Motivated by (2.3), we give the following definition 

Definition 3.1. For an Orlicz function define 

L%{M) = {x G Lq{M) : 3 c > such that sup (a;)/c) < 00}, 

t>o 

equipped with 

\\x\\li = inf {c> : t^{^jLt{x) / c) < l,Vt > O}. 
L^{M) is said to be a noncommutative weak Orlicz space. 
Remark 3.1. (1) It is easy to check that 

||x||l- = inf |c> : -^^^nt{x)/c < l,Vt > o}. 

(2) For < p < 00, if ^{t) = t^ then L^{A4) is the noncommutative weak 
Lp-space as shown in (2.3). 
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(3) Note that the noncommutative Orlicz space Li^{M.) has the following 
description: 

L^{M) = {x G Lo{M) -.30 0,1^ ^ < i| 

with the norm 

This shows that has a close connection with L^(Ai). 

We have the following useful characterization of L'^{M). 
Proposition 3.1. Let <I> be an Orlicz function. For any c> we have 

(3.1) supi$(/it(x)/c) = sup As(x)$(s/c), Vx G Lo{M). 

t>0 s>0 

Consequently, 

L'^{M) = {x e Lo{M) : 3 c > such that sup Xs{x)^{s/c) < oo}, 

s>0 

and 

=inf{c>0: Xs{x)^s/c) <l,Vs>0}. 

Proof. Since Xs{x) = A^(j.)(s), where A^^j.) is the distribution function of the 
function t — > Utix) with respect the Lebesgue measure in [0, oo), it reduces 
to prove that 

(3.2) supi$(r(t)/c) = supA/(s)$(s/c), 

t>0 s>0 

for any nonnegative measurable function / on (0, cx)), where Aj is the dis- 
tribution function of / with respect to the Lebesgue measure on [0, oo) and 
/* is the rearrangement function of / defined by 

f*{t) = inf{s > : A/(s) < t}. 

To this end, we consider a simple function / = a^XAk^ where aj^ > and 
Ak are measurable subsets of [0, oo) such that \Ak\ < oo and n ^ ^ = 
whenever k ^ j. An immediate computation yields (3.2) holds for such a 
function. Since a nonnegative measurable function can be approximated 
almost everywhere by a sequence of nonnegative simple functions from be- 
low, a standard argument concludes (3.2) for any nonnegative measurable 
function. □ 

We collect some basic properties of noncommutative Orlicz spaces as fol- 
lows. 

Proposition 3.2. Let <I> be an Orlicz function. 
(1) // > then 

supi$(/Ltt(a;)/||x||L») < 1 and sup \s{x)^(s/\\x\\l]^) < 1. 

t>0 s>0 
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(2) II • is a quasi-norm on L^(7W). In particular, 

(3.3) \\x + y\\L^<2{\\x\\L^ + \\y\\L^), ^x,y€L^{M). 

(3) // II^IIl™ < 1, then 

sup t^{fj,t{x)) < \\x\\l^ and supAs(x)$(s) < ||x||l^. 

(4) ||x||l«; < IIxIIl^ for any x G L$(A^). Consequently, L^{Ai) C L^(A^). 

Proof. (1) By the definition of ||x||l^, there is a sequence {ck} C R"*" such 
that Cfe I \\x\\l^ and [iJ,t{x) / Ck) < 1 for all t > 0. Since $ is continuous, 
taking fc — t- oo we obtain the first inequality. The second inequality follows 
from (3.1) and the first one. 

(2) If 1 1 a; II = 0, then there is a sequence {cfc} C M+ such that J, and 
t(^{jXt{x) / Ck) < l,Vt > 0. Since $(t) — > oo as t — )■ oo, it is concluded that 
Ht{x) = 0, yt > 0, which implies x = from the fact that limj_^o+ A*t(^) = 
||x||. 

It is clear that ||Q:a;||L^ = |q;|||x||l|;. To prove the generalized triangle 
inequality, we let x,y G L^(A^) and ||x||i:,^ = a, ||y||L^ = b with a,b > 0. 
By (1), we have 



( l^tix + y) \ f ^lt/2{x)+f^t/2{y) \ 
\2{a + b) J - \ 2{a + b) J 

-2 \ a + b J 2 \ a + b J 



a+b / 2 Vo+i 

- a + b2 \ a J a + b2 \ b J - ' 

Hence, ||x + y||L» < 2(a + b) = 2(||x||l^ + ||y||L|;). 

(3) If ||x||l| = 0, by (2) the inequality holds. Suppose ||a;||L|; = a < 1 
and a 7^ 0. By (1) we have that t<^{iJLt{x) / a) < 1, Vi > 0. Prom the convexity 
of $ and the fact $(0) = 0, we have $(at) < a$(t),Vt > 0, which implies 
that 

^$(/xt(x)) < t<^{iit{x)la) < 1, Vt > 0. 

This gives the first inequality. The second inequality follows from (3.1) and 
the first one. 

(4) Let X G L^{M), a; 7^ 0. Then, for any i > 0, 

^IfIU*^ Jo ^\\x\\l^^ Jo ^\\x\\l^^ 
Hence, ||x||l|; < ||x||l<j and L$(A1) C L'!^{M). □ 

Recall that for measurable operators Xn,x with respect to {A4,t), Xn 
converges to x in measure if and only if lim„/Lit(x„ — x) = for all t > 0. 
Then, we have 
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Proposition 3.3. Let $ be an Orlicz function. 

(1) // \\xn — x\\l^ — )■ 0, then Xn ^ x in measure. 

(2) L^(A^) is a quasi-Banach space. 

Proof. (1) Suppose II a;„— a; 1 1 1,™ —)• 0. Then there is a sequence (c„) of positive 
numbers with Um„ Cn = such that 

V c„ / 

for all n. Since — )• c» as i ^ oo, it is concluded that lim„ Utixn — x) = Q 
for any t > 0. Hence, — )■ x in measure. 

(2) By Proposition 3.2 (2), it suffices to prove that L^(7\4) is complete. 
Suppose Xn G L|J(A1) such that limm,n->-oo lla^n — s^mjlL™ = 0. Then, for any 
1 > e > there is an uq such that — x^Hl™ < e for all n,m > no- Since 
Lq{M) is complete in the topology of the convergence in measure, by (1) 
there exists x G Lo{Ai) such that 

lim iit{xn — x) = 0,yt > 0. 

n-^oo 

Clearly, 

Xn — Xm Xn — X in measure 
as m — > oo. By Proposition 3.2 (3), for any n > no we have 

Xn Xr, 



^^/Mx^x ^ ^.^ t$f^^^(^!L^) <li„,inf 



< 1, 



for any t > 0. This yields \\xn — x\\l-^ < e and so lim„_^.oo \\xn — x\\l^ = 0. 
Also, by (3.3) wc obtain that x € L^{A4). Hence, L^{M) is complete. □ 



Remark 3.2. Clearly, L^(A^) is rearrangement invariant. Then, by Propo- 
sition 3.3 (2) we have that U^{M.) is a symmetric quasi-Banach space of 
measurable operators as defined in [26]. 

The following are two examples for illustrating noncommutative weak 
Orlicz spaces. 

Example 3.1. Let = t''ln(l + t^) with a > 1 and b > 0. It is easy to 
check that # is an Orlicz function and = a and g$ = a + 6. Then, 
can not he coincide with any Lp. 

Example 3.2. Let ^{t) = tP{l + csin(plni)) with p > 1/(1 - 2c) and 
< c < 1/2. Then, $ is an Orlicz function and p^ = = P- It is clear that 
$ is equivalent to t^ and hence L^ = L^. 

Let a = (an) be a finite sequence in L^{M), we define 
ML)^iM,el) = \\{^K\'^) and ||a||i^(^_^|) = ||(^|anP) 

n>0 



respectively. Then, we have 
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Proposition 3.4. 



and 



the family of all finite sequences in L^{A4). 



are two quasi-norms on 



Proof. To see this, let us consider the von Neumann algebra tensor product 
M^B{£'^) with the product trace r®tr, where B{£'^) is the algebra of all 
bounded operators on with the usual trace tr. r(8>tr is a semifinite normal 
faithful trace. The associated noncommutative weak Orlicz space is denoted 
by L'^{A4^B{i'^)). Now, any finite sequence a = (a„)„>o in L^(A^) can be 
regarded as an element in L'^{M^B{£'^)) via the following map 

/ao ...\ 



r(a) = 





ai 



V 
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that is, the matrix of T(a) has all vanishing entries except those in the first 
column which are the a„'s. Such a matrix is called a column matrix, and 
the closure in L'^{A4^B{£^)) of all column matrices is called the column 
subspace of L|(M®^(£2)). Since 



\"'\\l'^{M/1) = III^(«)IIIl^(M(8>B(^2)) = ||T(a)||£,^(_yV(^B(^2)), 



then 



defines a quasi-norm on the family of all finite sequences 



of L'^{M). Similarly, we can show that IMIl™(x,£2j) defines a quasi-norm on 
the family of all finite sequences of L|^(A^). □ 

We define L|;(7W,^^) (resp. L^{M,£'ji)) to be the completion of all finite 
sequences in L^{Ai) under the norm |j • WL^i^M/f,) (resp. 
is clear that a sequence a = {an)n>o in L'^{M) belongs to L^(A^ 
Ll{M,£ji)) if and only if 



(resp. 



resp. ||a| 



sup 

n>0 I 



sup 

n>0 I 



\ak 



< oo 



E 

k=0 
n 

(Ei<iriL<~)- 



k=0 



L'^{M,i1;) and L|;(7W,£^) are evidently quasi-Banach spaces, but we will 
see in Sect. 4 that they can be renormed as Banach spaces provided $ satisfies 
a mild condition. 



4. Interpolation 

The main result of this section is a Marcinkiewicz type interpolation theo- 
rem for noncommutative weak Orlicz spaces. We first introduce the following 
definition. 

Definition 4.1. Let Ai (resp. J\f) he a von Neumann algebra with a normal 
semifinite faithful trace r (resp. u). A map T : Lo(Al) — )• Lq(M) is said to 
be quasilinear if 
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(i) \T{ax)\ < |a||rx| for all x G Lo{^A) and a G C; and 

(ii) there is a constant K > so that for arbitrary operators x,y E Lo{Ai), 
there exist two partial isometrics u,v £ J\f such that 

\T{x + y)\ < K{u*\Tx\u + v*\Ty\v). 

In addition, if K = 1 we call T a sublinear operator. 

This definition of sublinear operators in the noncommutative setting is 
due to Q.Xu and first appeared in Ying Hu's thesis [11] (see also [12]). 
Recall that for any x, y G Lo{Af) there exist two partial isometrics u,v & M 
such that 

(4.1) |a; + y| < + w*!?/!^, 

(see [1]) and then a linear operator is sublinear. We recall that a quasilinear 
operator T : Lo(A4) — > Lq{N) is of weak type (p, q) with Q < p < q < oo, if 

\\Tx\\l^ < C\\x\\l„ Vx G Lp{M). 

The classical Marcinkiewicz interpolation theorem has been extended to 
include Orlicz spaces as interpolation classes by A.Zygmund, A.P.Calderon, 
S.Koizumi, I.B.Simonenko, W.Riordan, H.P.Heinig and A.Torchinsky (for 
references see [21]). The following result is a noncommutative analogue of 
the Marcinkiewicz type interpolation theorem for weak Orlicz spaces. 

Theorem 4.1. Let A4 (resp. M) he a von Neumann algebra with a normal 
semifinite faithful trace r (resp. v). Suppose < po < pi < oo. Let T : 
Lq{M) — >■ LQ{Af) be a quasilinear operator and simultaneously of weak type 
iPiiPi) for i = and i = 1. If ^ is an Orlicz function with po < < b^ < 
pi, then there exists a constant C > such that 

(4.2) supt^[fit{Tx)] <Csupt^[iit{x)] 

t>0 t>0 

for all X G L^(A^). Consequently, 

(4.3) \\Tx\\li{X)<\\x\\l^^m), yxeLl{M). 
Proof. We chose 0i,92,ro,ri such that 

Po < ro < < b^ < ri < pi 

and 

1 (1 - Ou) 9u 
< 01, 02 < 1, - = + —,k = 0,l. 

rk Po Pi 

Then, by the real interpolation of noncommutative Lp spaces (cf.. Corollary 
1.6.11 of [27]), we have 

{Lp,{M),Lp^{M))e„, = Lr„,{M),k = 0,1, 

with equivalent quasi-norms. Since T is simultaneously of weak type {pi,Pi) 
for i = and i = 1, we obtain that 

(4.4) \\Tx\\l^< AoWxU^, yxeLliM), 
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and 

(4.5) \\Tx\\l^^ < Ai\\x\\l^^, yxGL^^iM), 

where are both constants which depend only on po,pi, and the weak 

type {pi,Pi) norms of T for z = and i = 1. 

Now, take x G L'!^{M). For any a > let x = Xg + xf, where Xq = 
xe(^a,oo)i\^\)- Since t~^"^{t) is an increasing function in (0, oo), by Proposi- 
tion 3.2 (1) and (4.4) we have 

XaiTx^) <«-''°||Tx?|l2l 

^U. yiQ ||Xg Wj^w 

=a-''°A^°supt^°At(x;j) 
t>o 

<^S«sup(-)'°At(x) 

<^S°sup|^A,(x) 
t>a 9{a) 

<-^sup$(i)At(x). 

Also, since t''^^^{t) is a decreasing function in (0, cxd), by Proposition 3.2 
(1) and (4.5) we obtain similarly 

ATI 

Aa(Txf)<-^sup$(t)Ai(x). 

On the other hand, by the sublincarity of T and the basic properties of 
the distribution function A(|x|), such as A (a* a) = A(aa*) and AQ,_|_^(x + y) < 
Xa{x) + \p{y) for any x,y > 0, we have that 

MKa{Tx) < u{E^^K^^^)[Kiu*\Tx^\u + v*\Tx'l\v)]) 

(4.6) < \aiu*\Tx^\u) + \a{v*\Tx'^\v) 

<Xa{\Tx^\) + Xa{\Tx'^\), 

where the first and third inequalities use the fact that < a < 6 implies 
E(a,oo){(^) is equivalent to a subprojection of E(^^^^-^{h) (e.g., [10]). Then, by 
(4.6) we have 

\2Ka{Tx) < ° sup <l>(t)At(x) + —1— sup $(t)At(x) 

9{2Ka) t>o 4>(2Aa) t>o 

(J 

sup$(t)At(x). 



By Proposition 3.1 we obtain the desired inequality (4.2). □ 
Remark 4.1. We set 

Lp{J\f)HeT = {xe Lp{M) : X* = x}. 
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IfT is simultaneously of weak types Lp. (A^)Her Lp^{^/)}^eI for i = and 
1 = 1, then the conclusion of Theorem 4-1 holds for any hermitian operator 
X G L^{M). The proof is the same as above and omitted. 

We have the following corollaries. 

Corollary 4.1. Let A4 (resp. M) he a von Neumann algebra with a normal 
semifinite faithful trace r (resp. v). Suppose < po < pi < oo. Let T : 
Lq{M.) h-^ Lq{M) be a quasilinear operator and simultaneously of strong 
type {pi,Pi) for i = and i = 1, i.e., 

\\Tx\\l,,<\\x\\l,,, VxGLp„(M), 

and 

\\Tx\\l,^<\\x\\l,^, yxeLp,{M). 

Let $ be an Orlicz function with po < o,^ < b^ < pi. Then, the conclusion 
of Theorem 4-1 holds. 

Proof. If T is of strong type {p,p), by the Kolmogorov inequality (2.1) we 
immediately conclude that T is of weak type (j>,p). An appeal to Theorem 
4.1 yields the result. □ 

Corollary 4.2. Let $ be an Orlicz function with 1 < a$ < 6$ < oo. Then 

(4.7) « inf |c> : J l^s{x)ds/c^ <l,Vi>o}. 

Consequently, L^(7W) can be renormed as a Banach space. 
Proof. Since Ht{x) is decreasing in t G (0, oo), we immediately get 

IIxIIl- < inf |c> : ^^i^ ^5(x)ds/c) < 1, > o}. 

Conversely, let 1 < p < oo. Define S : f{t) i-^ j \ f{s)\ds for / G Lp{0, oo). 
Then, by the classical Hardy-Littlewood inequality there exists a constant 
Ap > such that 



Consequently, 
where 



\\Sf\\p<Cp\\f\\p, V/GLp(0,oo). 
||rx||p < Vx G Lp{M), 

1 r* 

Tx := - / ^s{x)ds, X G Lq{M). 
i Jo 



Since T is sublinear, by Corollary 4.1 we obtain the reverse inequality and 
hence (4.7) holds. □ 

Corollary 4.3. Let $ be an Orlicz function with 1 < 0$ < 6$ < oo. Let p^ 

and be respectively the lower and upper Boyd indices of L^i^M). Then, 

(4.8) a^<pl<ql<b^. 
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Proof. Let l<p<a^<b^<q<oo. Suppose T is a linear operator 
defined on Lj,^i[0, oo) + Lq^i[0,oo), which is simultaneously of weak type 
{p,p) and weak type {q,q) in the sense of [14]. Take po,qo such that p < 
Po < < < qo < q, Then by Theorem 2.b.ll in [14], we have that 
T is simultaneously of strong type {po,po) and strong type {qo,qo)- Using 
Corollary 4.1, we get T maps L|J(A4) into itself. Then, by Theorem 2.b.l3 
in [14] we conclude that p < p% < q^ < q. This completes the proof. □ 

5. Martingale inequalities 

In this section, we will prove the weak type $-momcnt versions of mar- 
tingale transformations. Stein's inequalities, Khintchinc's inequalities for 
Rademacher's random variables, and Bur kholder- Gundy martingale inequal- 
ities in the noncommutative setting. We mainly follows the arguments in 
[5] using Theorem 4.1 and Corollary 4.1. 

In the sequel, without otherwise specified, we always denote by a 
finite von Neumann algebra with a normalized normal faithful trace r. Let 
(■A^n)n>o be an increasing sequence of von Neumann subalgebras of A4 
such that L)n>oMn generates A4 (in the it;* -topology). (A4.„)„>o is called 
a filtration of Ai. The restriction of r to Ain is still denoted by r. Let 
6n = £{.\Mn) be the conditional expectation of M. with respect to Mn- 

A non-commutative L|^-martingale with respect to (A^n)n>o is a sequence 
X = {xn)n>o such that Xn G and 

for any n > 0. Let ||a;||i,™ = sup„>o ||aJn||L™- If II^^IIl^ < oo, then x is said to 
be a bounded L^-martingale. 

For convenience, we denote the weak type ^-moment of x by 

Iklk^(X) := supt$(/xt(x)), X e Lo{M). 

t>o 

We write ||a;||$^ = ||a;||$^(Ai) in short when no confusion occurs. 

Let a = (an) C C be a sequence. Recall that a map on the family 
of martingale difference sequences defined by Ta{dx) = {andxn) is called 
the martingale transform of symbol a. It is clear that (andxn) is indeed a 
martingale difference sequence. The corresponding martingale is Ta{x) = 

^ndXfi- 

Theorem 5.1. Let a = («„) C C &e a hounded sequence and Ta the asso- 
ciated martingale transform. Let ^ be a Orlicz function such that 1 < a$ < 
5$ < oo. Then, for all bounded L^-martingales x = we have 

(5-1) l|raa:||<i.„ < ||x||$„, 

where < depends only on $ and sup„ |a„|- Consequently, 



(5.2) pa I ^e„da;„ 

for any hounded L'!^ -martingales x = (x„), where depends only on 



, V£„ = ±1, 
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Proof. By the Lp-boundedness of martingale transforms (see [24]) and Corol- 
lary 4.1, we immediately conclude (5.1) and so (5.2). □ 



As in [24], consider the mapping T defined in Lp{M'SiB{(.'^)) by 

'£:i(aii) ...N 
^2(021) ... 

£n{anl) 



^aii ... ain ...\ fSiian) . . .Ny 

021 • • • ■ ■ 



O-nl 

V ; 



•7 



V 



•7 



It is proved in [24] that T is bounded on Lp{M0B{£'^)) for any 1 < p < 00. 
Then, by Corollary 4.1 we have 

Theorem 5.2. Let $ be an Orlicz function with 1 < a$ < 6$ < cx). Then, 



(5.3) 



l(^iaan)P) 



< 



El 



1 

|2\ 2 



for any finite sequence (an) in L^(A^). Similarly, we have 



(5.4) 



{T.\£n{a*j\'y\l <||(ekp) 



for any finite sequence (an) in L^(A1). 

The following is the weak type ^-moment version of noncommutative 
Kintchine's inequalities for Rademacher's sequences. 

Theorem 5.3. Let $ be an Orlicz function and {sk} a Rademacher's se- 
quence on a probability space {fl,P). 

(1) // 1 < a$ < 6$ < 2, then for any finite sequence {xk} in L^(Al) 



(5.5) 



k 

~ inf < 



<s>n,iL^{n)®M) 



k 



1 

2\ 2 



-IKE 



1 

|2\ 2 



where the infimum runs over all decompositions Xk = yk'^^k with yk,Zk € 
L^{M) and " " depends only on 
(2) 7/2 < a$ < 6$ < 00, then for any finite sequence {xk} in L^(A1), 



*«,(ioo(n)®A^) 



(5.6) 



1 

|2\ 2 



+ 



where " " depends only on 
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Proof. By the argument in [5], we need only to prove the lower estimate of 
(5.5). By the analogue argument in [18], we are reduced to show for any 
finite sequence {xk} in L^{M), 



n I n I 

'■^{ii(i:i»iriL.Hi(Ei4in} 



(5.7) 



fc=0 



< 



k=0 



XkZ 



k=0 



where the infimun runs over all decomposition Xk = Vk + Zk with yk and Zk 
in Ll{M). 

To this end, we consider N = Loo(T)(8'A^ equipped with the tensor prod- 
uct trace = J <8>t and A = 'Hoo(T)(8)A^. Then, A is a finite maximal 
subdiagonal algebras of J\f with respect to £ = J ®Im M ^ M. (e.g., see 
[25]). Since Li{M) = Li(T, Li(j'W)) we can define Fourier coefficients for 
any / G Li{U) by 

hn) = ^ f f{z)z^dm{z), Vn G Z, 

where dm is the normalized Lebesgue measure on T. It is easy to check that 

A={f eJ\f: f{n) = 0, Vn < 0}. 

For any n ^'Lwe define the linear mapping such that Fn{f) = f{n) 
for any Li{M). Then F„ is both a contract from Li{M) into Li(Al) and 
from M into M- Hence, for an Orlicz function # with 1 < a$ < 6$ < oo, by 
Corollary 4.1 we have 



(5.8) 

for any n G Z. 



Il/(n)lk.<ll/lk., yf€Ll{M), 



Lemma 5.1. Let <1> be an Orlicz function with 1 < a$ < 6$ < oo. For any 
finite sequence (fk) in L^{Af) and any n E we have 



1 

2\ 2 



< 



KElAP) 



k ' k 

Proof. Let 1 < A; < Applying (5.8) on Mk{M) instead of M with 

//i ... 0\ 
/2 ... 



K 



f = ^Eki®fk 
k=l 



yields the required inequality. 



□ 



Noncommutative weaJc Orlicz spaces 



15 



For an Orlicz function we denote by H^IA) the completion of A under 
the quasinorm || ■ ||L«;(jv")- If ^ is an Orlicz function with 1 < a$ < 6$ < oo, 
then by Corollary 4.3 we have L'^{J\f) C Li{M) and 

^I(^) = {/ e Ll{U) : f{n) = 0, Vn < O}. 

In this case, 

(5.9) v}{A)rMi{M)=ni{A). 

Lemma 5.2. Let $ he an Orlicz function with 1 < a<i> < 6$ < oo. Let 
$(2)(t) = Then, for any f G %%{A) and e > 0, there exist two 

functions g,h G "^^(2) (v4) such that f = gh with 

max||||5rp||$^(_^), |||/ip||$^(Ar)} < \\\f\U^(j\f)+e- 

Proof. By slightly modifying the proof of Lemma 4.1 in [5] we can prove this 
lemma and omit the details. □ 

Lemma 5.3. Let $ be an Orlicz function with 2 < a$ < 6$ < oo. Let 
{In = (^,3"] : n G N} and A„ the Fourier multiplier by the indicator 
function xi„ , i- e- 

A„(/)(^) = />)^' 

for any trigonometric polynomial f with coefficients in L^(A^). Then, 



j]A„(/rA„(/) 



^ ^ ll/ll<E-™(Ar), 



for any f G n^{M). 

Proof. The proof can be done as similar to the one of Lemma 4.2 in [5] by 
using Corollary 4.1 and the details are omitted. □ 

Now, we are ready to prove (5.7). Indeed, the proof can be obtained by 
using Lemmas 5.1, 5.2 and 5.3 as similar to the one of Theorem 4.1 in [5]. 
We omit the details. □ 

Remark 5.1. (1) Note that Khintchine's inequality is valid for Li-norm in 
both commutative and noncommutative settings (cf, [18]). We could 
conjecture that the right condition in Theorem 5.3 (1) should be b^ < 2 
without the additional restriction one 1 < a$. However, our argument 
seems to be inefficient in this case. We need new ideas to approach it. 

(2) Evidently, the weak type ^-moment Khintchine inequalities in Theorem 
5.3 imply those for L^ norms, which, by Corollary 4-2, can be considered 
as particular cases of more general ones in [17] and then in [19, 22]. 

Now, we are in a position to state and prove the weak type $-moment 
version of noncommutative Burkholder-Gundy martingale inequalities. 
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Theorem 5.4. Let M. he a finite von Neumann algebra with a normalized 
normal faithful trace r and (A1n)n>0 an increasing filtration of subalgebras 
of M.. Let $ he an Orlicz function and x = {xn}n>o o, noncommutative 
L^-martingale with respect to (Aln)n>0- 
(1) // 1 < a$ < 5$ < 2, then 

oo 1 oo 1 

(5.10) \\xU^^M{\\(j2\dynfy ^ , } 



n=0 



n=0 



where the infimum runs over all decomposition Xn = yn + with {dyn} 
in L^{M,£'q) and {dzn} in L^{M,i'j^) and depends only on 
(2) // 2 < a$ < 6$ < oo, then 



(5.11) 



n=0 



n=0 



where 



depends only on 



Proof. The proof is similar to the one of Theorem 5.1 in [5] through using 
Theorem 5.3 and the details are omitted. □ 

Remark 5.2. All inequalities above are left open for 1 < a$ < 2 < 6^ < oo. 

At the time of this writing, we do not see how to formulate a meaningful 
statement for this case. However, our argument works well in the commu- 
tative case for all cases 1 < < < oo. 
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